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Abstract
This research presents the design of a compact acoustic metamaterial duct silencer capable of
attenuating a wide range of frequencies while allowing steady airflow. The proposed device incor-
porates a series of space-folded slit resonators, each exhibiting a different length tailored to attenu-
ate a specific frequency. Combining these side-loaded resonators onto a host tube achieves broad-
band noise reduction thanks to the cumulative effects of the individual components and their
synergistic interactions. Compared with many traditional duct silencers and mufflers, this design
enables unobstructed flow through its central region, resulting in a much lower fluid pressure drop
across the structure. Additionally, the use of space-folded resonators results in a significant reduc-
tion in the overall diameter of the device, leading to a high efficiency of volume usage. Theoretical
calculations based on the transfer matrix method and numerical simulations using finite element
analysis are used to validate the structure. Implementing a geometry generation function allows
the structure to be parametrically optimized to suppress noise within given frequency ranges.
Using these methods, a design is carried out that maximizes transmission loss (TL) from 650 Hz
to 2000 Hz with the outer diameter of the structure constrained to 0.2 m. The cumulative effect of
the tuned resonator slits results in an average measured TL of 36.3 dB within the target frequency
range in the stationary scenario and 17.2 dB under grazing flow. The demonstrated utility of the
silencer in achieving comprehensive noise control while maintaining low flow resistance makes
it a promising candidate for various applications such as automotive exhaust systems, industrial
machinery, and naval vessels. Our demonstration paves the way for the development of new duct
silencers that can meet the growing demand for effective noise control in various settings where
unrestricted fluid flow and broadband attenuation are paramount.

1. Introduction

Broadband noise reduction is crucial for controlling sound propagation in ducts, such as automotive
mufflers, industrial pipelines, and HVAC systems. Because of the tight spaces in which ducts are typically
located, the design of duct silencers is usually accompanied with stringent size and geometric require-
ments. Another important consideration is the bandwidth as broadband sound attenuation is always
desired to maximize the effectiveness of noise mitigation. In addition to this, special considerations for
low-frequency noise must be made, which represents a challenging task due to the weak dissipative abil-
ity of most materials [1]. Finally, flow resistance of the duct silencer is an important property in systems
requiring unrestricted fluid flow. Many noise control techniques used in open-room acoustics are not
suitable for applications involving ducted flow due to the obstructions that would be placed within the
path of the fluid.

One common approach to passive airborne sound reduction is through absorption of the incident
wave energy. Conventional sound absorbers are typically in the form of porous materials [2]. These
absorbative materials dissipate acoustic energy through thermo-viscous interactions within the viscous
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boundary layer of their surfaces [3]. A major disadvantage of porous media absorbers is the difficulty in
low frequency sound absorption. While high-frequency energy can easily be reduced by viscous dampen-
ing inside a thin layer of material, lower-frequencies require the thickness of the material to be signi-
ficantly larger to have any effect [4]. To overcome this limitation, complex structures with embedded
porous materials have been proposed which enhance their acoustic performance [5–9]. In a different
approach, metamaterial acoustic black holes (ABHs) have recently become a study of interest to achieve
quasi-perfect sound absorption without the use of porous materials [10, 11]. Though broadband atten-
uation can be achieved with this method, the flow is significantly impeded within the duct due to the
structure. Bravo and Maury [12] proposed an ABH metamaterial structure that achieves broadband
noise absorption without obstructing the path of fluid flow through the duct. Experimental results
showed a transmission loss (TL) of 25–40 dB from 1400–1900 Hz.

Alternatively, reactive silencers use reflection rather than absorption as the primary mechanism to
achieve sound attenuation. Reactive silencers function by inducing a large impedance mismatch in the
structure which causes the incident sound wave to be reflected backwards. Classical examples of reactive
silencers include Helmholtz resonators, quarter-wave resonators (QWRs), and expansion chambers [13].
Helmholtz resonators and QWRs in duct acoustics are typically side-branch resonators (SBRs) which are
side-loaded to the main duct allowing for the free-movement of fluid through the duct [14, 15]. These
structures have a narrow attenuation peak, resulting in strong impedance mismatch in only a tight fre-
quency range [16, 17]. To overcome this limitation, acoustic metamaterials which contain complex struc-
tures consisting of multiple SBRs have become a topic of large interest in recent years. Structures with
periodic arrays of Helmholtz resonators [18–21], mechanically coupled Helmholtz resonators [22], and
periodic arrays of tube resonators [23] have been explored to this end. Silencers containing space-folded
Helmholtz resonators have also been explored to increase radial compactness while achieving significant
attenuation [24]. Červenka et al [25] studied the effects of rectangular QWRs side-loaded to a duct of
rectangular cross-section. Using 6 detuned resonators, the optimized structure achieves good TL in a rel-
atively narrow band from 250 Hz to 350 Hz. The authors found that dissipation through viscothermal
losses in the structure only slightly improves the overall TL and that optimization of absorption does
not lead to an optimal TL. It was also discovered that the minimum TL increases linearly with the num-
ber of resonators for a given frequency range. In a continuation of this research, Červenka and Bednǎrík
[26] proposed an axisymmetric cylindrical design similar to their previous study. This structure consists
of an array of SBRs in the form of thin cylindrical disks. Using optimization techniques to calculate the
geometric dimensions of the disks, the authors presented a design with minimum TL of 28.9 dB from
100–700 Hz. This geometry shows promise for low-frequency attenuation but has a practical limitation
of radial size.

In recent years, advancements in complex acoustic metamaterials have targeted the design of noise
control systems that simultaneously address passive ventilation requirements [27–29]. These metama-
terials generally consist of sub-wavelength unit cells with a highly open structure, allowing for airflow
while achieving acoustic control otherwise unattainable with conventional structures. Numerous duct-
integrated structures have been developed in the context of mufflers and silencers, such as expansion
chambers with integrated acoustic metamaterial baffles (AMBs) [30, 31], acoustic insulation vented
channels [32], space-folded metamaterial mufflers [33], virtual Herschel–Quincke tube systems [34],
Fano-like interference based mechanisms [35, 36], and unit cells for duct and pipeline coatings [37, 38].
In addition to duct-based metamaterials, structures have been proposed to address acoustic attenuation
for other ventilated systems in free space such as in windows or large vents [39–42], especially at low
frequencies [43, 44]. These structures can be configured in an array fashion to effectively cover extensive
surface areas leading to a wide range of applications. Many origami-based acoustic metamaterials have
also been developed, incorporating complex folding patterns to achieve sound suppression while main-
taining high flow permeability [45, 46]. Lastly, AMBs such as the locally resonant acoustic metamateri-
als exhibit promising results to improve existing silencer designs [47]. Nevertheless, the impact of flow
resistance is evaluated independently in most studies [27, 29, 48], and the acoustic performance under
actual flow conditions has yet to be validated. Moreover, many existing structures exhibit irregular or
complex shapes, making them difficult to be applied to well-defined or confined spaces.

This research proposes a broadband, compact metamaterial reactive duct silencer which addresses
many of the limitations and restrictions associated with duct silencers requiring high flow efficiency. For
example, common designs face challenges including a lack of necessary radial compactness required for
widespread implementation, limited custom adaptability to individualistic needs, reduced flow efficiency
due to obstructions in the flow path, and relatively narrowband attenuation. Such issues are addressed
in this work through the development of a novel geometric layout which allows for a high degree of
radial compactness while maintaining highly tunable broadband capabilities without obstructing flow
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paths. The silencer consists of multiple arrays of space-folded concentric resonating ‘slits’ arranged in
discrete sections positioned axially along the waveguide. Each resonator slit has a unique length and is
detuned in relation to all other resonators. This yields a large effective frequency range as each resonator
is designed to operate at a specific frequency. The resultant space-folded design greatly increases radial
compactness with only a small reduction in axial compactness. In addition, the use of side-branch react-
ive resonators ensures that the main duct is free from obstructions, leading to efficient fluid-flow with
minimal pressure drop. Theoretical calculations and numerical simulations are performed to validate the
effectiveness of the structure. Experimental measurements are also carried out both with and without
background flow conditions, showcasing an average TL of 36.3 and 17.2 dB, respectively within the tar-
get frequency band. The results confirm the practical utility of the silencer when airflow is present. Our
work demonstrates an efficient and versatile approach for the design of duct silencers and could serve as
a viable solution for noise control applications where high ventilation and broadband performance are
required.

The remaining sections are arranged as follows. Section 2 explains the structure’s design and presents
an analytical model for the muffler using the transfer matrix method (TMM). In addition, a bend cor-
rection factor is derived to account for the folded geometry of the slit resonators. The theoretical cal-
culation is then validated using a finite element method (FEM) in section 3 through a set of paramet-
ric studies. The final optimized muffler is also detailed. Section 4 presents the experimental results of
the optimized muffler in both stationary and grazing flow conditions. Finally, the conclusions of this
research are given in section 5, including remarks on possible future improvements.

2. Design and analytical modeling

2.1. Geometry design
The design concept of the proposed structure is illustrated in figure 1. The basic structure contains a
main duct and an array of side-loaded cylindrical resonator slits with an axially decreasing radial length.
Cambonie et al [49] have shown that a cylindrical QWR is able to be bent while maintaining the ori-
ginal properties of the unbent resonator. While a small frequency shift is observed, it is within a reas-
onable range and can be accounted for during the design. As Červenka and Bednǎrík have shown [25,
26], annular cavities behave similarly to QWRs such that each resonator’s radial length corresponds to
the resonance frequency of that resonator. Thus, the proposed resonator slits can be rearranged and bent
in such a way to fully occupy the space around the main duct, allowing for a smooth and planar outer
surface profile. The final muffler consists of Nc number of discrete axial sections, denoted here as ‘cells’,
each containing Nr number of individual resonators. Figure 2 shows the proposed design along with a
cross-sectional view of a single axisymmetric cell. The main duct has a circular cross-section with radius
Rd and contains i = 1, . . . ,NcNr resonators where Nc,Nr > 0. Rcav,i describes the equivalent radial length
of the ith resonator slit in its un-folded state and is measured along the neutral line of the bent cavity.
The wall thickness and axial entrance length of the resonator cavities are assumed to be fixed for the
structure and are defined as dt and Lcav, respectively. The total cross-sectional width and height of the
nth cell are given by Wn and H, respectively.

While it is intuitive to arrive at the final dimensions of the muffler by forming the structure as
described above and in figure 1, an alternate method of describing the muffler is used which simpli-
fies dimensional calculations. Considering that, to obtain broadband attenuation, the structure should
be designed such that Rcav,i is periodically varied as the axial dimension z increases, it is evident that
each cell must also have an axially varying Wn. By introducing a width scaling factor, SFw, Wn is now
described by Wn =W1 +(n− 1)SFw where W1 is the initial cell width.

Lw,i is an important variable which defines the axial length of the wall separating the i and i+ 1 res-
onators. When i is not equal to Nr,we have Lw,i = dt. However, due to the folded nature of the structure,
it is observed that the length of wall separating the final resonator of the n and n+ 1 cells is larger than
dt. Therefore, when i is equal to Nr, Lw,i spans the distance between n and n+ 1 cells. Lw,i is mathemat-
ically described as follows:

Lw,i =

{
dt, i ̸= Nr

Wn − (NrLcav +(Nr − 1)dt) , i = Nr
. (1)

It is noted that, as implemented later in section 3, the parameter Lcav is solved along with Lw,i using
a system of linear equations. This will help prevent an over-defined, unsolvable geometry in many cases
since the definitions of Wn, H, Nr, and dt are sufficient to fully define the cell geometry.
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Figure 1. Design concept of the broadband duct silencer. (a) A series of unarranged unfolded slit resonators with different lengths
can achieve broadband sound attenuation. (b) Arranging the slit resonators helps to achieve a more uniform geometric profile.
(c) The slit resonators are further folded to best utilize the space, which results in a compact structure with planar surface profiles.

Figure 2. (a) Sectional cutaway of design, (b) cross-section of a single axisymmetric cell.

2.2. TMM
The TMM is a widely used method for analyzing the performance of acoustic structures as it allows for
complex systems to be broken into simpler components [50]. The representative matrices of these com-
ponents are then multiplied together, yielding an overall transfer matrix which can be used to directly
calculate the necessary performance characteristics. To evaluate the analytical performance of the muffler,
the resonator cavities are first resolved with an acoustic admittance relative to the main duct. The duct
walls are assumed to be sound-hard barriers, and the duct length is assumed to be infinite to eliminate
reflections at the ends.

We start by defining the low-frequency wall admittance of the ith resonator slit, ignoring visco-
thermal interactions, which is expressed as [12]:

yi =−j
J1 (k0Rd)H1 [k0 (Rd +Rcav,i)]− J1 [k0 (Rd +Rcav,i)]H1 (k0Rd)

J0 (k0Rd)H1 [k0 (Rd +Rcav,i)]− J1 [k0 (Rd +Rcav,i)]H0 (k0Rd)
(2)

where k0 is the acoustic wavenumber. J0, J1 are the Bessel functions of the first kind with order 0 and
1, respectively, and H0, H1 are the Hankel functions of the first kind with order 0 and 1, respectively.
Following this, the ith resonator volume admittance can be expressed as:

Yi =
2πRdLcavyi

Z0
(3)

where 2πRdLcav defines the resonator entrance area. Here, the background medium is air and its char-
acteristic impedance is Z0 = ρ0c0 where ρ0 is the density and c0 is the speed of sound. With the volume
admittance for the ith resonator now obtained, the TMM can be used to evaluate the full structure. The
general expression for the TMM is given by:[

p
v

]
z=0

=

[
M11 M12

M21 M22

][
p
v

]
z=Ltot

(4)
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where Ltot is the total length of the fluid. The pressure p and velocity v of the incident wave at the struc-
ture’s inlet are related to those at the outlet by a transfer matrix M. Continuing with this formulation,
the matrices representing the fluid layer in the main duct are:

M1 =

[
cos(k0Lcav) jZ0

S sin(k0Lcav)
j SZ0

sin(k0Lcav) cos(k0Lcav)

]
(5)

M2,i =

[
cos(k0Lw,i) jZ0

S sin(k0Lw,i)
j SZ0

sin(k0Lw,i) cos(k0Lw,i)

]
. (6)

Here, M1 represents the fluid layer spanning the width of the resonator entrance, Lcav, within the
main duct, while M2,i accounts for the fluid layer spanning the wall, Lw,i, separating i and i+ 1 reson-
ators in the duct. S denotes the cross-sectional area of the duct. The third matrix necessary for resolving
the full characteristics of the structure is given by:

M3,i =

[
1 0
Yi 1

]
(7)

M3,i resolves the ith SBR slit using the volume admittance Yi given by equation (3). With the individual
transfer matrices obtained, the overall transfer matrix can be calculated by multiplying the individual
transfer matrices together for all i = 1, . . . ,NcNr:

M=

NcNr∏
i=1

M1M2,iM3,i =

[
M11 M12

M21 M22

]
. (8)

The final transmission coefficient is obtained as:

τ =

∣∣∣∣∣ 2ejk0Ltot

M11 +
S
Z0
M12 +

Z0
S M21 +M22

∣∣∣∣∣
2

. (9)

This analytical model provides an efficient way to estimate the performance of the structure and
is used for parametric optimization during the design as it allows for rapid computation for various
geometries.

2.3. Viscothermal model
Losses due to viscothermal interactions within the structure are accounted for using an equivalent fluid
model. Originally put forth by Zwikker and Kosten [51] and later analyzed in tubes of various cross
section by Stinson [52], the model simplifies the Kirchhoff sound propagation theory with consider-
able accuracy. Following this approach, here an equivalent complex density ρeff and sound speed ceff are
assigned to the resonator slits [25, 26], namely:{

ρeff =
ρ0

Ψ v

ceff = c0
√

Ψ v
γ−(γ−1)Ψ h

(10)

with

Ψ a = 1− tanh(λaLcav
2 )

λaLcav
2

, a= v,h (11)

and  λv =
√

jωρ0

µ

λh =
√

jωρcp
κ

. (12)

Here, γ = 1.4 is the adiabatic constant, µ= 1.83 ∗ 10−5Pa the dynamic viscosity, cp = 1004Jkg−1K−1

the specific heat, and κ= 25.9 ∗ 10−3Wm−1K−1 the coefficient of thermal conductivity. ρeff and ceff are
used to define a complex effective wavenumber, keff = ωceff−1, for the wall admittance of the resonator
slits in equation (2). The characteristic impedance in equation (3) is also updated with a complex effect-
ive characteristic impedance Z0,eff = ρeffceff.
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Table 1. Resonance frequencies of straight f s and bent f b resonator slits at various resonator lengths, Rcav.

Rcav (m) 0.1094 0.0902 0.0710 0.0518 0.0326

f s (Hz) 585 726 943 1324 2128
f b (Hz) 645 795 1026 1425 2265

2.4. Bend correction
To best utilize the space of the silencer, all resonating slits are bent 90◦ to form an annular disk-shaped
resonator that can fit compactly on the main tube. Similar to a cylindrical QWR whose resonance fre-
quency can upshift due to bending [49], here we need to account for this effect by considering a small
correction factor. A numerical model in COMSOL Multiphysics is employed to determine the value and
order of this correction factor. The Pressure Acoustics physics model in the frequency domain is used
along with a thermally conducting and viscous fluid model. A thermoviscous boundary layer imped-
ance is added around the walls of the resonators to account for absorption due to viscous interactions,
and the walls are considered rigid. The inlet and outlet of the duct are defined as ports to calculate the
interaction and propagation of acoustic waves in the domain. Plane waves are strictly analyzed by set-
ting the input port’s azimuthal mode to 0, limiting input wave generation to have no angular variation.
Additionally, no reflections are generated at the input and output ports, allowing for accurate analysis of
the resonators’ acoustic properties.

The geometry is 2D-axisymmetric along the z-axis with the radius of the main duct defined as Rd =
0.050 m and the total length as Ltot = 0.425 m. To determine the correction factor, a series of straight
cylindrical resonators at various radial lengths are simulated, followed by a series of bent resonators of
equivalent length Rcav. The axial length of the resonators is chosen as Lcav = 0.0076 m. The resonators
are positioned at the halfway point between the inlet and outlet of the duct and are simulated one at a
time. The location of the bend within the resonators is chosen to be at 0.5Rcav. The simulated resonance
frequencies of each resonator slit are shown in table 1.

It is seen that bending a cylindrical resonator disk results in a frequency upshift relative to the
unbent resonator of equal length which corresponds to the results discussed in [49]. Using the data
presented in table 1, two power-law equations can be derived which approximately relate the resonance
frequencies of the straight (fs) and bent (fb) resonators in Hertz to the lengths Rcav:

fs ≈ 55.767Rcav
−1.066 (13)

fb ≈ 65.539Rcav
−1.037. (14)

If it is instead assumed that fs is equivalent to fb, and Rcav in equation (13) exchanged for some
effective length, say Reff, then equation (13) is rewritten as:

fb ≈ 55.767Reff
−1.066. (15)

Equations (14) and (15) are then equated and solved for Reff, leading to the final equation:

Reff ≈ 0.86Rcav
0.973 (16)

where Reff is the corrected effective resonator length in meters. Rcav,i is then replaced by Reff,i in
equation (2). It is noted here that the choice of Lcav is insignificant to the bend correction upshift and
can be chosen arbitrarily. In addition, the location of the bend within the space-folded resonators does
exhibit an impact on the upshifted peak frequency. Nevertheless, its effect is small and is neglected here
for simplicity.

3. Numerical validation and parametric optimization

3.1. Numerical validation with parametric studies
To validate the theoretical calculations of the analytical model, parametric studies are performed using
the TMM model as well as a numerical FEM approach. These studies compare the TMM theory
with the FEM model to assess the influence of various geometric properties on the muffler’s acoustic
performance.

Building on the FEM model given in section 2.4, simulations are executed up to the cutoff frequency
of the first higher-order mode of the duct fh ≈ 1.841c/(2πRd) = 2011 Hz. The waveguide is modeled
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Figure 3. Comparative transmission coefficient between FEM and TMM based on different parameters. (a) Various cell numbers.
(b) Various width scaling factors. (c) Various initial cell widths.

with stationary air and a sound speed c0 = 343.2m s−1, ambient density ρ0 = 1.204kgm−3, and ambient
temperature T0 = 293.15K. The geometry is again simulated as 2D-axisymetric along the z-axis with
Rd = 0.050 m. In all cases, wall thickness is fixed at 0.002 m.

The first parametric study is conducted for structures with cell numbers Nc = 1, 3, and 5 to
evaluate the coupling effects among the cells. For each structure, the width scaling factor is fixed to
SFw = 0.004 m, the initial cell width to W1 = 0.06 m, the cell height to H = 0.05 m, and the number
of resonators to Nr = 5. Figure 3(a) shows the comparative transmission coefficient for both the FEM
and TMM simulations for the various Nc values. With only a single cell, the first four individual reson-
ance frequencies corresponding to the four longer resonators can clearly be seen with the fifth resonance
lying higher than fh. Due to the small number of total resonators within the single-celled structure, large
gaps of increased transmission lie between each resonance and the overall TL is relatively low. Adding an
additional 2 cells is shown to significantly decrease these peaks leading to a more complete attenuation
of frequencies with smaller overall transmission. With a total of five cells, the muffler achieves compre-
hensive broadband attenuation from 630 Hz to 1940 Hz with no significant peaks in transmission. This
confirms that the interactions among the individual resonators can effectively broaden the bandwidth
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of the structure because of the coupling effects. It is therefore important to choose the number of cells
such that the desired attenuation is obtained without the addition of unnecessary cells. Under 500 Hz
the TMM model tends to show a downward shift in frequency response compared to that of the simula-
tion. Above 500 Hz, the TMM model transitions to an upwards shift which increases at higher frequen-
cies. This variation is a result of simplifications within the TMM model, such as the neglection of evan-
escent interactions between each resonator and the exclusion of the effects due to bend location within
the resonators.

We then vary the width scaling factors SFw from 0.001 m to 0.003 m to study the effects of reson-
ance frequency overlap between the cells. For each structure, the cell number is fixed to Nc = 5, the ini-
tial cell width to W1 = 0.06 m, the cell height to H = 0.05 m, and the number of resonators per cell
to Nr = 5. As seen in figure 3(b), there exists a value for the width scaling factor for a specific struc-
ture such that transmission peaks are minimized. With SFw = 0.001 m, large gaps in attenuation exist at
approximately 850 Hz, 1100 Hz, and 1500 Hz. Increasing the width scaling factor to SFw = 0.002 m sig-
nificantly decreases these peaks while also slightly shifting them down in frequency. At SFw = 0.003 m,
the attenuation gaps have largely been eliminated. This trend indicates that a moderate scaling factor is
needed to reduce the undesired overlap in the resonance frequencies from the resonators in each cell. By
choosing an optimal value for SFw, each cell contains resonators of unique lengths, leading to an optim-
ally detuned structure.

Finally, the low frequency performance of the silencer is examined in the context of the starting cell
width. For each structure in this study, the cell number is fixed to Nc = 3 to minimize axial length of
the muffler as to maintain compactness. Width scaling factor is fixed to SFw = 0.004 m, cell height to
H = 0.10 m, and the number of resonators per cell to Nr = 5. Figure 3(c) compares the transmission
coefficient for structures with starting cell width W1 = 0.10 m and W1 = 0.20 m. For W1 = 0.10 m,
the TMM and FEM simulations show a low frequency limit of 308 Hz. Doubling the starting cell width
to W1 = 0.20 m extends this frequency to approximately 173 Hz, with a tradeoff of increasing the fre-
quency gap between each resonator, resulting in the appearance of more transmission peaks within the
target frequency band. Increasing W1 beyond this will further decrease the low frequency limit of the
muffler at the cost of axial length. With only Nc = 3 cells, it is difficult to achieve broadband sound
attenuation, as some high transmission is observed at certain frequencies. This can be improved by
adding additional cells, though practical space constraints may dictate the viability of this since each
additional cell is accompanied by a large increase in axial length.

Additionally, it is noted that a larger variation in predictions exists between the FEM and TMM
models above 500 Hz. The primary cause of this variation is the simplification of the effects of bending
the resonators. Holding H constant, an increase in cell width results in a bend location farther from the
midpoint of each resonator. Since the analytical model assumes a bend location of 0.5Rcav, as values for
W1/H increase considerably past 1, the model tends to show decreased agreement with FEM simulations.

While not studied here, another way to achieve low frequency attenuation is to increase cell height
H. Keeping W1 constant, a larger cell height will similarly result in a decrease in the lower frequency
limit for the silencer by increasing the volume of the resonators.

3.2. Optimized structure
As discussed above, the geometric parameters of the silencer play an important role in determining the
acoustic performance of the silencer. Since these parameters are interdependent on one another within a
fixed overall dimension (where a larger volume will generally enhance acoustic performance), a system-
atic optimization process is needed to find the optimal configuration of the silencer under given design
constraints. To achieve this, we first define loose bounds for some of the geometric properties discussed
in section 2.1. This helps to ensure sufficient flexibility for optimization while adhering to dimensional
constraints. A customized algorithm then computes the sound transmission characteristics using the
TMM model and iteratively solves for the optimal geometry. In each iteration, the transmission coef-
ficient is summed within the target frequency range and recorded as a score for that geometry. Each
frequency within the target range is assigned an equal weight using a flat incident SPL spectrum. The
objective function for optimization is described as:

minO(x) =

fmax∑
f=fmin

τf (x) (17)

where the frequency is increased linearly in steps of 1 Hz from fmin to fmax Here, x denotes the full set of
design parameters defining the silencer geometry. The structure with the lowest score is then returned
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Table 2. Geometric properties of optimized muffler.

Property Rd (m) W1 (m) H (m) SFw (m) Nc Nr dt (m) Lcav (m)

Value 0.050 0.057 0.050 0.004 5 5 0.002 0.0076

Figure 4. Comparative transmission of optimized structure between FEM simulations and TMMmodel. Transmission and TL
curves by (a) including viscothermal losses and (b) neglecting viscothermal losses.

and presented as the optimized geometry. This approach adds great flexibility to the design of the silen-
cer, as the frequency range can be freely selected for specific applications. Different weights of the fre-
quencies can also be included in the algorithm so that multi-band sound attenuation can be achieved.
Moreover, our approach has the ability to add a penalty to the score depending on the total physical
volume of the structure, so that the optimization balances between performance and footprint.

An optimized muffler is now presented using the approach described above. Cell height is fixed to
H = 0.05 m to maintain radial compactness, wall thickness is fixed to dt = 0.002 m, and the target fre-
quency range is set from 650 Hz to 2000 Hz. Running the parametric optimization script with moderate
bounds on the remaining geometric properties, the final optimized muffler is calculated and presented
in table 2. The total external length and diameter of the structure are 0.325 m and 0.200 m, respectively,
with a total volume usage outside the main duct of 0.007 66 m3.

Figure 4(a) displays the final transmission coefficient τ and the TL for the FEM and TMM simu-
lations including viscothermal interactions. For both models, τ is below 0.01 from 653 Hz up to fh,
demonstrating excellent sound attenuation properties. The transmission behavior is well explained by
both models, with the TMM showing a slight underestimation of TL near the low-frequency limit of
the device. Figure 4(b) displays the transmission coefficient τ and the TL for the FEM and TMM sim-
ulations without viscothermal interactions. It is shown that, while many sharp peaks in TL are present
due to the absence of viscothermal damping, these interactions do not play a major role in the acous-
tic performance of the proposed structure. This agrees with the results discussed previously in [25], and
suggests that the silencer does not rely on fine tuning of the viscothermal effects.

While the frequency band chosen for the optimized structure achieves a tuning ratio of f2/f1 ≈ 3,
the core methodology of the structure’s tunable design allows for accurate adjustments to target many
other frequency ranges. Moreover, the optimized band has practical use cases in many applications.
Tonal noise generated by combustion engines is typically most prominent from 800 Hz to 4000 Hz as
this range represents the band with least structural attenuation [53]. Additionally, various HVAC com-
ponents generate tonal noise in discrete bands over which the proposed silencer could be easily adapted
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Figure 5. Comparison of optimized structure’s TL with an anechoic termination and an open-ended termination.

Figure 6. Surface plot of fluid static pressure drop across the optimized structure.

for with minor tuning variations [54]. Though the target frequency range chosen for optimization was
selected for the sake of experimental convenience, attenuation of much lower frequencies can also be
readily achieved using the same design methodology by updating the configuration of the silencer.

The performance of the silencer with an anechoic termination is now compared with its perform-
ance when the outlet is exposed to the environment in an open-ended scenario. To accomplish this, the
FEM simulation is modified to incorporate an impedance boundary condition at the outlet. The bound-
ary is configured to represent the impedance of an open-ended, unflanged circular pipe with the duct
radius defined accordingly. The results seen in figure 5 show that the silencer is minimally affected by an
open-ended termination, with a slight increase in TL under the low-frequency limit of the device. Above
this limit, no major variation in transmission is exhibited by the silencer. These results demonstrate the
strong inherent acoustic performance of the device and prove its suitability for realistic open-ended con-
figurations such as those found in automotive exhaust systems.

To confirm the ventilation performance of the proposed silencer, pressure drop due to grazing
flow is simulated using COMSOL Multiphysics with the turbulent flow, k–ω physics model. Using 2D-
axisymmetric geometry, the inlet is set to a fully developed flow boundary condition at 10.29 m s−1,
and the outlet is defined as a pressure outlet boundary condition. Flow is modeled as compressible, and
walls are treated with a roughness of 5 µm. As shown in figure 6, the final static pressure drop across
the structure is calculated to be 14.5 Pa which is in line with other similar metamaterial structures [33].
These results demonstrate a very low fluid pressure drop, indicating that the silencer introduces only
minimal flow resistance. Such low flow resistance ensures the silencer can maintain acoustic control
without significantly restricting ventilation.
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Figure 7. (a) Experimental setup for transmission tube measurements. (b) Experimental setup for transmission loss measure-
ments with grazing flow. (c) Exploded view of 3D printing split for a single cell.

4. Experimental results

In this section, the calculated TL of the optimized muffler is compared against the results obtained from
experimental measurement. The stationary experimental results were obtained using a Brüel & Kjær
(B&K) Transmission Tube Type 4206-T with B&K Type 4187 microphone capsules. The loudspeaker was
driven by a 5 s linear frequency sweep from 20–22 000 Hz. Following ASTM 2611 measurement pro-
cedure, four microphones were flush mounted inside the transmission tube, with two sets positioned on
both sides of the muffler. The experimental setup with the muffler mounted on the transmission tube is
shown in figure 7(a).

The muffler’s acoustic performance under grazing flow was also experimentally measured by con-
necting the structure downstream of a large industrial blower in an anechoic chamber as shown in
figure 7(b). The blower was set to a volumetric flow rate of 270 ± 5 cfm, resulting in a flow velocity of
approximately 16 m s−1. Readings were taken in the tube downstream of the muffler. The muffler was
then removed from the system and readings were again taken to form the baseline data. The TL of the
muffler under grazing flow was obtained by performing a difference operation between the baseline and
attenuated data.

The muffler was fabricated using fused deposition modeling 3D printing with high-strength poly-
lactic acid (PLA) filament on a heated bed to reduce warping. It is noted that while PLA allows for rapid
fabrication and testing, other materials such as thermoplastic polyurethane can be used for improved
durability and mechanical strength. Due to the complex space-folded geometry of the structure, each cell
was divided into 5 individual disks along with a main base which were then glued together as shown in
figure 7(c). This was done to mitigate the need for support structures, leading to a higher quality surface
finish and greater dimensional accuracy. Each part was printed with solid infill to increase strength and
ensure structural consistency.

Under stationary conditions, the muffler achieved an average experimental TL of 36.3 dB within the
target frequency range of 650–2000 Hz, with a minimum TL of 19.7 dB. A comparison between TMM,
FEM and experimental transmission coefficient is shown in figure 8(a). It is observed that both mod-
els show great agreement with the experimental results. Additionally, the muffler exhibits a pronounced
attenuation over a subset of frequencies between 900 Hz and 1250 Hz, which marginally declines from
1250 Hz to fh. An average TL of 42.8 dB is calculated over this subset, indicating exceptionally high
reactivity across this frequency band. Compared to standard straight-through perforated tube silencers,
this device achieves much more uniform and complete attenuation [55, 56]. Additionally, this device can
be precisely tuned to any desired frequency range without the need for complex micro-perforated panels.
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Figure 8. Experimental results. (a) Comparative transmission coefficient of optimized structure between TMM, FEM and exper-
imental measurements for the stationary condition. (b) Transmission coefficient of the optimized structure in grazing flow and
stationary conditions.

The grazing flow transmission data is seen in figure 8(b) along with the stationary condition
transmission for reference. Compared to the case of no background flow, a decreased performance is
observed, and the average TL drops to 17.2 dB across the target frequency range. The data also tends to
contain significantly more noise compared to the stationary results below the cutoff frequency. On the
other hand, the lower frequency limit is still accurately captured by the experimental results and agrees
well with the calculations. Above that frequency, consistent low transmission coefficient is observed.
Several factors could contribute to the reduced attenuation and discrepancies observed in the meas-
urement data under grazing flow conditions. First, the blower generates a loud noise outside the tube
which is difficult to be totally concealed from the measurement position. Second, the connection points
between the silencer and the tube may not be perfectly sealed as those in the transmission tube setup.
Third, due to the nature of the PLA material used to construct the device, a slight flexibility is observed
in the internal disks, possibly leading to a deformation of the structure under moderate flow. Finally,
the airflow in the duct may generate strong noise by interacting with the structure through flow acoustic
coupling [57, 58]. To confirm this, a multiphysics simulation that is carried out in COMSOL by com-
bining the turbulent flow and the acoustic waves via the aeroacoustic flow source coupling. Consistent
with the measurements, an incoming flow with velocity of 10.29 m s−1 is modeled at the upstream of
the silencer, and the corresponding turbulent flow and flow-induced noise are analyzed. Thanks to the
small slit width and no obstruction to the main duct, the flow field maintains relatively uniform in the
duct, as shown in figure 9(a). On the other hand, the flow-induced noise extracted at the downstream
of the silencer exhibits a high SPL, especially at low and mid-frequency ranges. From figure 9(b), the
average SPL generated by the flow is around 40 dB under 2500 Hz and can reach above 60 dB at certain
frequencies. The results indicate that the flow-induced noise may be contributing to the variations in the
measurement below 600 Hz, as the designed silencer does not insulate sound well at these frequencies.
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Figure 9. Flow-acoustic interaction of the silencer in a duct with airflow. (a) Velocity distribution of the flow field. The white
arrows denote the direction of the airflow. (b) SPL of flow-induced noise in the duct.

5. Conclusion

A compact reactive silencer containing space-folded concentric resonators capable of broadband fre-
quency attenuation has been proposed. An analytical TMM model is presented and validated using
COMSOL Multiphysics through a set of parametric studies. The analytical model accounts for visco-
thermal losses as well as the effect of folding the resonators using a simplified effective length. It is
shown in the parametric studies that the linking of additional cells to the structure leads to a more com-
plete attenuation within the target frequency range while compromising axial compactness. It is found
that, for a specific structure configuration, a width scaling factor exists that minimizes transmission for
that structure. It is therefore necessary to choose the correct geometric properties as to attain the desired
acoustic performance without unnecessary size increase. The low-frequency capabilities of the design are
also recognized by increasing starting cell width, thus increasing the overall resonator lengths.

Using a customized optimization approach, a silencer is designed to operate from 650 Hz to 2000 Hz
while being constrained to a maximum diameter of 0.200 m. With a total volume usage outside the
main duct of 0.007 66 m3, the optimized structure exhibites significant attenuation across the target
frequency range, as confirmed by both TMM and FEM results. Using turbulent flow simulations in
COMSOL, the structure displays good aerodynamic performance with a pressure drop of only 14.5 Pa
due to the open-channel design. The optimized muffler is also tested experimentally in both stationary
and grazing flow. In stationary flow, the optimized muffler achieves an average TL of 36.3 dB over the
target frequency range, dropping to 17.2 dB in grazing flow at a volumetric flow rate of 270 ± 5 cfm.
These results demonstrate the practical utilization of the silencer under different conditions.

The proposed device shows promise for real-world applications requiring pre-defined attenuation
without inhibiting fluid flow through a duct. The ability to tune the structure’s primary frequency band
while considering size constraints allows for customization to meet specific application needs. By para-
metrically optimizing the geometry, the design achieves a compact size while maintaining effective noise
reduction and minimal pressure drop, demonstrating applicability in many industrial and commercial
systems. The theoretical and numerical models can be integrated into other optimization techniques
including inverse design approaches [59] for other applications with user-desired performance.

Finally, it is important to note some avenues for future improvement for this device. First, although
high strength PLA filament is used to provide a convenient means for fabrication with acceptable
mechanical stability during testing, stronger materials will likely be needed should high flow rate be
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implemented. Second, although the effective length to account for the bending of the resonators helps to
bring the TMM into closer agreement with FEM simulations, it is unable to accurately predict the char-
acteristics of the structure with excessive W1/H values. A more thorough investigation of the bending
characteristics of such a device is of particular significance for the future development of the structure,
which will enable more complex geometries and a wider combination of unit cell architectures.
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